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Substitution of Eqs. (2-4, 6, and 8) into (7) yields the ex-
pression for the net rate of mass flow through inlet scoop:
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If no inlet scoop is used, Eq. (9) reduces to the expression for
the mass flow rate through a circular aperture of negligible
lip thickness :

Mo = [vrfrJiZwRW*] [e~s* + (T)W»S(! + erfS)] (10)

The dimensionless mass flow rate through inlet scoop is
defined as the ratio of M to MQ. For any given value of S
and (PC/POO)/ (IW^c)172, the mass flow rates can be plotted as
functions of scoop geometry (i.e., L/r2 and ri/r2, e.g., see
Fig. 1). From these curves it can be seen that, for any given
scoop length ratio (L/r2), there exists an optimum scoop
geometry through which the mass flow rate reaches a maxi-
mum value.

It is coincident with the author's intuitive prediction that
the maximum mass flow rate increases as the size of the scoop
and the freestream velocity ratio increase. However, when
S approaches infinity and n2 = r2
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From this one can see clearly that the gain of mass flow rate
with the aid of a big scoop is limited by a factor of two.

In the design of inlet scoops, for any given value of L/r2 a
family of curves for M/MQ vs n/r2 may be plotted. For
S > 1, the maximum mass flow rates occur almost at the same
value of 7*i/r2, and, for S > 2, all curves are very close to one
another. As an example, when L/r2 = 2, the maximum
mass flow rate can be maintained for a very wide range of
freestream velocity when ri/r2 = 1.98, and, for S > 2, the
mass flow rate through this inlet scoop can be represented by
a simple formula:

M = 1.392 paUmAz

Numerical solutions for the dimensionless mass flow rate
through optimum inlet scoops are obtained and plotted in
Fig. 2, which is useful for the design of optimum inlet scoops
at various lengths.

A similar problem concerning the free-molecule flow through
a diverging duct for S = 0 was treated by Davis et al.,4 who
obtained some exact numerical solutions by using the Monte
Carlo method. In this note the problem is treated analyti-
cally based on two important assumptions: 1) the mass
flux incident on the wall is uniform, and 2) the mass flux
passing directly from AI to A% without striking the wall is
equal to the mass flux passing the midpoint of A2. When
S = co, these two assumptions represent the true case, and

the result obtained here gives the exact solution of the
problem. However, when S = 0, the result obtained here
does not agree very well with Davis7 solution, because of the
two forementioned assumptions. It is believed that, if
S is not very small, say S > 1, the result obtained here will be
quite accurate for optimum geometries.
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Impact Force and Crater Surface Area

R. F. ROLSTEN* AND H. H. HUNTf
General Dynamics/Astronautics, San Diego, Calif.

Nylon, glass, and aluminum projectiles impacting
on aluminum at velocities of 3.78 to 5.43 X 105 cm/
sec produce hemispherical craters. The impact
damage can be related to the tensile strength by
using equations for uniformly accelerated recti-
linear motion when the measured crater dimensions
are corrected for relaxation after the pressure re-
lease. Steel projectiles do not conform to this im-
pact model.

Nomenclature
P = pressure applied to the target, dynes/cm2

A — surface area of crater, cm2

F = force applied to the target, dynes
W = work
m = mass of projectile, g
v = velocity of projectile, cm/sec
d = distance (penetration depth or radius of the hemispherical

crater) through which the force is applied, cm
d' = projectile diameter, cm
a = acceleration (or deceleration), cm /sec2

pp = projectile density, g/cm3

PT — target density, g/cm3

(7r = speed of sound in target, cm/sec

Introduction

BEHAVIOR of materials subjected to high velocity im-
pact (impulsive loading) has led to concepts that do not

follow conventional loading problems. These concepts de-
pend upon the elements of time and motion. Thus, when a
material is subjected to an impulsive load (element of time),
the motion may attain a value that is critical with regard to
the initiation of a specific mode of behavior.

The effect of high pressure on the bulk physical and me-
chanical properties may be very pronounced under impulsive
loading since pressures of several hundred thousand pounds
per square inch are attained frequently. Peak pressures
are attained in about 10~6 to 10~7 sec. These high pressure
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effects on the mechanical properties may be generalized
as follows1' 2:

1) The tension and compression strengths of most metallic
elements are increased at very high pressures.

2) The rigidity of metals generally increases linearly with
pressure.

3) Young's modulus increases, with increasing pressure,
by an amount intermediate between the increase of rigidity
and incompressibility.

4) The ability to undergo large amounts of plastic de-
formation increases with increasing pressure.

In any real impact, elastic and plastic effects in both the
target and projectile must be taken into consideration.
The physical nature of inelastic processes are not known
clearly and precise theoretical treatments have not been
completely satisfactory. At very high stress levels, the body
may undergo permanent deformation and/or lose its rigidity
and .behave as a fluid. Failure by plastic flow and fracture
can influence the disturbance. Mechanical properties of the
body being loaded may be time dependent, i.e., 1) have a
time delay for initiation of plastic flow3"5; 2) show an in-
crease in yield and ultimate strength with the rate of delivery
of the load6'7; and 3) be influenced by the stress within the
body.8

Internal friction may lead to an attenuation of the intensity
of the disturbance as a result of energy absorption. Thus,
the disturbance will tend to lengthen since its momentum
must be conserved even though its energy is dissipated.9- 10

Experimental

Projectiles of steel, aluminum, glass, and nylon were ac-
celerated with a light gas and powder gun in a vacuum.
Spherical projectiles with impact masses in the range be-
tween 0.075 to 0.800 g were accelerated to velocities from
3.78 X 105 to 5.43 X 105 cm/sec (15,220 to 17,800 fps). The
impact masses of projectiles accelerated in vacuum were
assumed to be identical with the accelerated masses since
aerodynamic effects were minimal. Data from the im-
pact on thick aluminum plates (6061-T6) by projectiles of
various composition (nylon, glass, aluminum, and steel) are
summarized in Table 1. Nylon, glass, and aluminum pro-
jectiles were observed to form near hemispherical craters
in aluminum as determined from the value of the crater
radius to crater depth; this value is unity for hemispherical
craters. Steel projectiles do not form hemispherical craters
in aluminum under the experimental conditions. All alumi-
num target plates displayed typical hypervelocity petal
formations around the lip of the crater. There is recoil (or
rebound) of target material surrounding the crater upon re-
laxation of the impact pressure. This relationship amounts11

to 20 to 25% for aluminum in the 2S condition. Since the
crater dimensions are determined after this rebound has oc-
curred, it was necessary to correct the crater measurements
in order to test reliably the applicability of the equations for
uniform rectilinear acceleration (deceleration) and to relate
material properties to crater damage. Thus, the surface area
over which the impact force was applied was assumed to be

Table 1 Summary of high velocity impact data

Exp. no.

A
B
C
D
E
F

Measured
crater

radius at
target

surface,
cm

1.080
1.110
0.572
1.334
0.572
0.483

Crater
radius
Crater
depth

1.063
0.949
0.866
1.010
1.022
0.500

Impact
velocity,
cm/sec

5.43 X 105

3.78
4.64
4.64
4.39
4.27

Projectiles
Material Mass, g

nylon 0.299
aluminum 0.777
glass 0.075
aluminum 0 . 800
glass 0.075
steel 0.120

Fig. 1 Dependence of crater surface area on impact
force.

a hemisphere whose radius was 20 and 25% greater than the
measured radius of the crater.

Data in Table 1 are shown in Fig. 1, a plot of the impact
force vs maximum surface area of the crater. Curve U
is based on the crater depth uncorrected for relaxation;
curves R and T are based on the crater depth corrected 20%
for elastic rebound and the actual tensile strength of the
aluminum, respectively. The slope of these two curves is
U = 5.8 and R = 3.6 X 109 dynes/cm2. These values can
be compared to the actual tensile strength value of 2.9 X
109 dynes/cm2.

Discussion

Hypervelocity impact involves the action of inertia (de-
fined by Newton's first law of motion) and the energy asso-
ciated with the relative motions of mass. Momentum, the
quantity of motion measured by the product of the mass
and velocity, is necessary to describe the transfer of motion
from one body to another. The momentum is the only
quantity involved in a perfectly elastic impact. However,
high velocity particles produce an inelastic collision. Thus,
permanent deformation and changes will be produced in the
colliding bodies with a corresponding decay or conversion
of the energy of relative motion into radiation and heat.
The projectile and target materials in the immediate region
of the impact are melted, vaporized, compressed, and/or
shattered, depending upon such parameters as the density,
viscosity, physical and mechanical properties of both the
projectile and target, particle mass, impact velocity, and
angle on the target.

Rinehart12' 13 assumed that the size and shape of a crater
formed by a high velocity particle depended on the stress
distribution existing in the target immediately following de-
celeration of the projectile. The force of the impact dis-
tributes itself within the target in accordance with the same
geometry as the stresses produced by a static load. The
magnitude of the shearing stress decreases with distance
from the area of application of force, and it eventually be-
comes less than that required to cause the material to fail.
There will exist a surface of failure that corresponds to a
critical limiting shearing stress.

The maximum crater surface area (A) of damage to a target
increases linearly with an increase in the force (F) applied
by the impacting projectile as shown in Fig. 1. This linearity
of F vs A is observed with projectiles of different materials
and mass in the velocity range from 3.78 to 5.43 X 105 cm/
sec. The slope of this line is the pressure under which the
target material will just flow, or conversely, the pressure
acting on the incipient crater at the instant the crater ceases
to expand. Thus, crater formation will proceed only as
long as the force per unit area exceeds the dynamic com-
pressive strength of the target material.

The average calculated pressure is about 3.6 and 3.2 X 109

dynes/cm2 when a 20 and 25%, respectively, relaxation effect
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is assumed. The minimum ultimate tensile strength14 that
is acceptable for 6061 aluminum alloy in the T6 condition is
2.9 X 109 dynes/cm2 (see Appendix). The compressive
strength should be slightly higher than the tensile strength.
The magnitude of this difference cannot be stated unequivo-
cably until more accurate values of the relaxation are estab-
lished experimentally. It is significant, however, that damage
to aluminum via hypervelocity impact with the formation of
hemispherical craters can be related to the tensile strength
established by standard metallurgical techniques.

Work is performed on both the impacting particle and the
target in an inelastic impact. This work is derived from the
decay of energy of relative motion. As a metal target is
deformed (penetrated) it will resist penetration.

Pertinent equations are summarized as follows:

P = F/A

Fd = W = I/2mv* = KE

(1)

(2)

If the product of pressure and the surface area of the crater
is constant throughout the process of crater formation, then
the equations for uniformly accelerated (decelerated) recti-
linear motion apply:

F = ma

v* = 2ad

(3)

(4)

Combining Eqs. (1, 3, and 4), it is seen that the maximum
penetration in the target is given by the following expression:

d = m»*/2AP (5)

A commonly used form of the penetration equation may
be derived from uniform acceleration equations if a hemi-
spherical crater is formed. This equation takes the form

d/d' = craist(pp/pJ1'WCV)WI (6)

where the penetration depends on the one-third power of the
density ratio and the two-thirds power of the velocity ratio.

The impact of a steel projectile on an aluminum target
produces a cavity whose depth approximately is equal to its
diameter. Impact velocity was 4.2 X 105 cm/sec. This
formation of nonhemispherical craters, impact of steel on
aluminum, leads to data that do not correlate with the
damage model proposed. One possible explanation for this
apparent anomalous behavior may be that the steel pro-
jectile provides more resistance to flow (less viscous) than
projectiles of nylon, glass, and aluminum under the condi-
tions that prevail under impact.

Appendix

Four tensile specimens were fabricated from 6061-T6
aluminum plate used as targets hi this series of tests. The
experimental ultimate tensile strengths were as follows:

1) Transverse, 2.8216 X 109 dynes/cm2.
2) Transverse, 3.1265 X 109 dynes/cm2.
3) Longitudinal, 3.0605 X 109 dynes cm2.
4) Longitudinal, 2.8802 X 109 dynes/cm2.
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Triangular Plate Elements in the Matrix
Force Method of Structural Analysis

J. S. PRZEMIENIECKI*
Air Force Institute of Technology, Wright-Patterson

Air Force Base, Ohio

The flexibility properties for the triangular plate
element are derived for a set of three independent
force systems acting along the three sides of the
triangle. These systems lead to very simple pat-
terns for the self-equilibrating (redundant) force
systems which may be used in the matrix force
method of analysis of structures with triangular
plates. The flexibility and relative thermal dis-
placement matrices derived for these force systems
can be included in the subroutine library of flexi-
bility properties in any of the computer programs
for the analysis of complex structures.

Introduction

THE use of triangular plates as basic elements in matrix
structural analysis is very attractive since such elements

can be employed in the idealization of nonorthogonal panels.
The triangular plate elements so far have been used mainly
in the displacement method of analysis1 in which the element
forces on the triangular plates are related to the corresponding
displacements through the stiffness matrices determined on
the assumption of linearly varying displacements. This as-
sumption leads to a compatible constant stress field that also
satisfies the stress equilibrium equations within the triangle.
Since the stresses vary from element to element there is, in
general, a discontinuity in stress distribution across the
boundaries of adjacent elements violating the boundary
equilibrium. The satisfaction of overall equilibrium of the
complete stress field is then achieved through the equilibrium
of equivalent element forces at common joints.

The concept of constant stress field in triangular plates
also can be applied to the matrix force method of analysis.
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